An additive category with direct limits is said to be locally nitely presented provided that the full subcategory of nitely presented objects is skeletally small and every object is a direct limit of nitely presented objects. Our aim in this paper is to study functors which are de ned on locally nitely presented categories. Roughly, most of our results are of the following form. Given a category C and some property ( These \universal property" type results are used to study functors between locally nitely presented categories which have products or which are locally coherent, i.e. the full subcategory of nitely presented objects is abelian. For instance, we show that a functor f: A ! Ab from a locally nitely presented category with products into the category of abelian groups commutes with direct limits and products if and only if there exists a presentation Hom(Y; ) ! Hom(X; ) ! f ! 0 such that X and Y are nitely presented. Also, we develop various criteria for the existence of left and right adjoints. Of particular interest is the following application. A locally nitely presented category is complete if and only if it is cocomplete. Much of this material can be found in the literature. However, the approach presented here appears to be new and will hopefully serve as a foundation for future work.
(1) D has cokernels. (2) D has kernels. (3) D is abelian. (4) D has direct limits.
These \universal property" type results are used to study functors between locally nitely presented categories which have products or which are locally coherent, i.e. the full subcategory of nitely presented objects is abelian. For instance, we show that a functor f: A ! Ab from a locally nitely presented category with products into the category of abelian groups commutes with direct limits and products if and only if there exists a presentation Hom(Y; ) ! Hom(X; ) ! f ! 0 such that X and Y are nitely presented. Also, we develop various criteria for the existence of left and right adjoints. Of particular interest is the following application. A locally nitely presented category is complete if and only if it is cocomplete. Much of this material can be found in the literature. However, the approach presented here appears to be new and will hopefully serve as a foundation for future work.
Preliminaries
We introduce some terminology. Throughout we are working in a xed universe U containing an in nite set (e.g. see 6, Num ero 0]). All categories C are assumed to be U-categories in the sense that for each pair of objects X; Y 2 C the set Hom(X; Y ) is small, i.e. bijective with a set in U. A category C is skeletally small provided that the isomorphism classes of objects in C form a small set. A non-empty category I is said to be ltered provided that 1 for each pair of objects 1 ; 2 2 I there are morphisms ' i : i ! for some 2 I, and for each pair of morphisms ' 1 ; ' 2 : ! there is a morphism : ! with ' 1 = ' 2 . We call the colimit ?! lim 2I X of a functor X: I ! A, 7 ! X a direct limit if I is a skeletally small ltered category.
Given a category A with direct limits the nitely presented and nitely generated objects of A play an important role. Recall that an object X 2 A is nitely presented ( nitely generated) provided that for every direct limit ?! limY in A the natural morphism ?! limHom(X; Y ) ! Hom(X; ?! limY ) is an isomorphism (a monomorphism). The full subcategory of nitely presented objects of A is denoted by fp(A). Following 2] , an additive category A is called locally nitely presented if fp(A) is skeletally small and every object in A is a direct limit of objects in fp(A).
Recall that an abelian category A is a Grothendieck category provided that A has coproducts, exact direct limits and a small generating set of objects. An abelian category A is locally nitely presented if and only if it is a Grothendieck category with a generating set of nitely presented objects 1, Satz 1.5], 2, 2.4] . Now suppose that A is locally nitely presented and abelian. An object in A is nitely generated if and only if it is a quotient of some nitely presented object. The category A is said to be locally coherent provided that nitely generated subobjects of nitely presented objects are nitely presented, equivalently if fp(A) is abelian 8, Proposition 2.2] .
Throughout the paper all functors between pre-additive categories are assumed to be additive. Given two pre-additive categories C and D, the class of functors F: C ! D is denoted by (C; D) and Hom(F; G) denotes the class of natural transformations between two functors F and G in (C; D). If C is skeletally small, then (C; D) forms actually a category since the Hom sets are small. The category of abelian groups is denoted by Ab. Given any category C, one de nes limits, colimits etc. in (C; Ab) pointwise and they coincide with the categorical notions if (C; Ab) is a category.
Finitely presented functors and abelian categories
In this section we collect some elementary facts about categories which have cokernels, kernels or which are abelian. Let C be a pre-additive category. A functor F: C op ! Ab is 2 said to be nitely presented provided that there exists an exact sequence`n i=1 Hom( ; X i ) ! m j=1 Hom( ; Y j ) ! F ! 0 of functors in (C op ; Ab) such that n and m are nite. Note that the presentation of F could be replaced by Hom( ; X) ! Hom( ; Y ) ! F ! 0 if C is additive. Also F is said to be nitely generated provided that there exists an exact sequencè n i=1 Hom( ; X i ) ! F ! 0 in (C op ; Ab) such that n is nite. The nitely presented functors form an additive category with cokernels which we denote by mod(C). Recall that Yoneda's lemma gives a fully faithful functor h C : C ! mod(C), X 7 ! Hom( ; X). We shall frequently use the category mod(C op ) op which we denote by mop(C). In this case Yoneda's lemma gives a fully faithful functor C ! mop(C), X 7 ! Hom(X; ).
Universal property 2.1 Let f: C ! A be a functor into an additive category with cokernels. Then there exists, up to isomorphism, a unique right exact functor f : mod(C) ! A such that f = f h C .
Proof : For any functor F 2 mod(C) choose a presentatioǹ n i=1 Hom( ; X i ) (Hom( ;' ij Any morphism : F ! G in mod(C) lifts to a morphism of the presentations, so it induces a unique morphism f ( ): f (F) ! f (G) . It is easily checked that this is well-de ned and that f : mod(C) ! A is the unique right exact functor extending f.
The preceding result allows to de ne a tensor product mod(C) mod(C op ) ! Ab, (F; G) 7 ! F C G which is characterized, up to isomorphism, by the following properties.
(1) There are functorial isomorphism F C Hom(X; ) = F(X) and Hom( ; X) C G = G(X) for X 2 C. (2) F C ? and ? C G are right exact.
Recall that given a morphism : Y ! Z in C, then a morphism ': X ! Y is a pseudokernel for provided that the induced sequence of functors Hom( ; X) ! Hom( ; Y ) ! Hom( ; Z) is exact. The following result is well-known and easily proved 3, Theorem 1.4]. Lemma 2.2 The category mod(C) is abelian i C has pseudo-kernels.
Let A be an abelian category. We denote by proj(A) the full subcategory of projective objects in A and we say that A has su cently many projectives provided that for every object X 2 A there exists an epimorphism Y ! X with Y 2 proj(A). Analogous terminology is used for injective objects in A. Proposition 2.3 There is, up to equivalence, a bijective correspondence between (skeletally small) additive categories with split idempotents and pseudo-kernels and (skeletally small) abelian categories with su cently many projectives. The correspondence is given by C 7 ! mod(C) and A 7 ! proj(A):
Proof : If C is an additive categories with split idempotents and pseudo-kernels, then mod(C) is abelian and the representable functors Hom( ; X) are precisely the projective objects in mod(C) by Yoneda's lemma. Conversely, given an abelian category A with su cently many projectives, then proj(A) has pseudo-kernels and the inclusion proj(A) ! A extends to a functor mod(proj(A)) ! A which is an equivalence. Lemma 2.4 Let A be an abelian category with su cently many projectives and suppose that f: proj(A) ! B is a functor into a category with cokernels. Then there exists, up to isomorphism, a unique right exact functor f : A ! B such that f j proj(A) = f.
Proof : Combine Property 2.1 and Proposition 2.3. Lemma 2.5 Let f: A ! B be a right exact functor between abelian categories and suppose that A has su cently many projectives. Then f is exact i f(X) ! f(Y ) ! f(Z) is exact for each exact sequence X ! Y ! Z of projective objects in A.
Proof : Taking projective presentations of an arbitrary exact sequence in A and applying f the assertion is an immediate consequence of the snake lemma.
Let f: C ! D be a functor between additive categories. We denote by f : mod(C) ! mod(D) the unique right exact functor which extends f. We list some properties of f . Lemma 2.6 (1) f is fully faithful i f is fully faithful.
(2) Suppose that C and D have pseudo-kernels. Then f: C ! D preserves pseudo-kernels i f is exact.
(3) Suppose that C has kernels and that D has pseudo-cokernels. Then f is left exact i f preserves pseudo-kernels. (1) f admits a left adjoint.
(2) f admits a right exact functor g: D ! C satisfying g f = id C . In this case g is a left adjoint and C has cokernels. Proof : Straightforward. Lemma 2.8 The Yoneda functor h C : C ! mod(C) has the following properties.
(1) If C has split idempotents and pseudo-kernels, then h C preserves pseudo-kernels i C has kernels.
(2) h C has a left adjoint i C has cokernels. A left adjoint is right exact, and it is exact if C is abelian.
Proof : Use the above lemmas.
We include the following well-known criterion for a right adjoint functor to be exact. Lemma 2.9 Let f: A ! B be a functor between abelian categories and let g: B ! A be a left adjoint.
(1) If f is exact, then g preserves projectives.
(2) If B has su cently many projectives and g preserves projectives, then f is exact.
Let C be a pre-additive category and de ne A(C) = mod(mop(C)). Further let a C : C ! A(C); X 7 ! Hom( ; Hom(X; )) be the composition of the corresponding Yoneda functors. The category A(C) has the following property.
Universal property 2.10 The category A(C) is abelian and given any functor f: C ! A into an abelian category, there exists, up to isomorphism, a unique exact functor f : A(C) ! A such that f = f a C . ?! A(C op ) Corollary 2.12 There exists, up to isomorphism, a unique equivalence mod(mop(C)) ! mop(mod(C)) which sends Hom( ; Hom(X; )) to Hom(Hom( ; X); ) for every X 2 C. Corollary 2.13 The category A(C) has su cently many projectives which are the functors Hom( ; X), X 2 mod(C op ), and su cently many injectives which are the functors X C ?, X 2 mod(C). Finally, the projective-injective objects are precisely the direct summands of functors`n i=1 Hom( ; Hom(X; )), X i 2 C. Corollary 2.14 The functor d: mod(C) ! A(C), F 7 ! F C ? induces an equivalence between mod(C) and inj(A(C)). Moreover, the Yoneda functor h: C ! mop(C) induces a functor h which is isomorphic to d. Remark 2.15 If C has precisely one object, in other words that it is a ring, then one recovers a case which has been treated in 7] (see also 3]).
Proof

Contravariantly nite subcategories
Let A be an additive category. An additive subcategory C is said to be contravariantly nite provided that every object X 2 A has a right C-approximation i. (1) f (F) is nitely presented for all F 2 mod(D).
(2) f has a right adjoint.
Proof : (1) ) (2) Take f as a right adjoint. (2) ) (1) The following isomorphism shows that a right adjoint g takes the same values as f .
Lemma 3.2 Suppose that f is full. Then the following are equivalent.
(1) The image Im(f) of f is contravariantly nite in D. (2) f (Hom( ; X)) is nitely generated for all X 2 D. Moreover, if D has pseudo-kernels and f is fully faithful, then (1) { (2) are equivalent to the following. Proof : (1) , (2) ( (3) This is a direct consequence of the de nitions involved.
(2) ) (3) It su ces to show that f (Hom( It is well-known that a subcategory C of an additive category A is contravariantly nite if the inclusion functor i: C ! A has a right adjoint. Consider the following example. Example 3.3 Let C be an additive category and h: C ! mop(C) be the Yoneda functor. The image of h is contravariantly nite i C has pseudo-kernels. The functor h has a right adjoint i C has kernels.
Replacing i: C ! A by i we obtain the following criterion. In this case the category C has pseudo-kernels and i is exact.
Proof : Combine Lemma 3.1 and Lemma 3.2 to prove the equivalence of (1) { (3). To obtain a pseudo-cokernel for a morphism in C take a right C-approximation of a pseudo-cokernel in A. The exactness of i is clear since kernels and cokernels in mod(C) and mod(A) are computed pointwise.
Module categories and tensor products
Module categories and tensor products are the most important tools for studying locally nitely presented categories and their functors. Let C be a skeletally small pre-additive 8 category. We denote by Mod(C) the category of functors from C op to the category Ab of abelian groups. The objects in Mod(C) are called C-modules. It is well-known that Mod(C) is a locally nitely presented abelian category and that fp(Mod(C)) and mod(C) coincide.
We denote by h C : C ! Mod(C) the Yoneda functor X 7 ! Hom( ; X). This functor has the following property.
Universal property 4.1 Let f: C ! A be a functor into an additive category with colimits. Then there exists, up to isomorphism, a unique functor f : Mod(C) ! A such that f = f h C and f commutes with colimits. Moreover, f has a right adjoint.
Proof : The category Mod(C) has su cently many projectives and proj(Mod(C)) consists precisely of the direct summands of coproducts`i 2I Hom( ; X i ). First we de ne f (`i Hom( ; X i )) = i f (X i ) and for a direct summand M we de ne f (M) to be the cokernel of f (id ? ") where " 2 End(`i Hom( ; X i )) is the idempotent corresponding to M. Similarly, we de ne f on morphisms between projectives. Thus we obtain a unique functor proj(Mod(C)) ! A We discuss some properties of these functors.
Lemma 4.2 (1) h D f = f h C where h C : C ! Mod(C) and h D : D ! Mod(D) are given by X 7 ! Hom( ; X). (2) f is fully faithful i f is fully faithful. shows that f induces a fully faithful functor proj(Mod(C)) ! proj(Mod(D)) since f (Hom( ; X)) = Hom( ; f(X)) for every X 2 C and f commutes with coproducts. It follows from Lemma 2.6 that the induced right exact functor mod(proj(Mod(C))) ! mod(proj(Mod(D))) is fully faithful. But this functor is isomorphic to f .
Locally nitely presented categories
Let C be a skeletally small pre-additive category. A C-module M is said to be at provided that M C ? is exact. The full subcategory of Mod(C) formed by the at modules is denoted by Flat(C). It is well-known that this is a locally nitely presented category 2, Theorem 1.4]. In fact the category Flat(C) is closed under direct limits in Mod(C), so has direct limits itself and a C-module M is at if and only if it is a direct limit of modules of the form Hom( ; X) with X 2 C. The next few results show how certain properties of a locally nitely presented category A are re ected by properties of the category C = fp(A). We shall need a canonical presentation of any object X and any morphism ': X ! Y in A as a direct limit of objects and morphisms, respectively, in C. To this end de ne categories C=X and C=' as follows. An object 2 C=X is given by a morphism : X ! X with X 2 C and a morphism : ! is given by a morphism : X ! X satisfying = . which is functorial in Y , and the assertion follows.
We are now in position to prove the following property of a locally nitely presented category.
Universal property 5.6 Let f: fp(A) ! B be a functor into an additive category with direct limits. Then there exists, up to isomorphism, a unique functor f : A ! B such that f j fp(A) = f and f commutes with direct limits.
Proof : De ne f (X) = ?! lim 2C=X f(X ) and f (') = ?! lim 2C=' f(' ) for every object X and every morphism ' in A. We show that f commutes with direct limits. To this end let X = ?! limX be a direct limit in A. The corresponding family of functors C=X ! C=X satis es the assumption of Lemma 5.5 and we obtain therefore
The uniqueness follows easily from the requirement that the functor A ! B extending f commutes with direct limits.
We proceed with some further properties of A which are related to properties of fp(A).
Lemma 5.7 A locally nitely presented category A has cokernels i fp(A) has cokernels. In that case the embedding fp(A) ! A is right exact, direct limits in A are right exact, and any exact sequence L ! M ! N ! 0 in A is a direct limit of exact sequences L ! M ! N ! 0 in fp(A).
Proof : If A has cokernels, then fp(A) is closed under cokernels, so has cokernels itself and the embedding fp(A) ! A is right exact. Conversely, suppose that fp(A) has cokernels. It is not hard to check that each cokernel in fp(A) is also a cokernel in A. The fact that direct limits preserve colimits implies that direct limits are right exact. Now let ': L ! M be a morphism in A. Write ' as a direct limit of morphisms ' : L ! M in fp(A) and consider for each a cokernel M ! N in fp(A). Again, the direct limit M ! ?! limN is a cokernel for ' since direct limits preserve colimits. Thus A has cokernels and the lemma is proven. Lemma 5.8 
Adjoints
We develop various criteria for the existence of left and right adjoints for functors between locally nitely presented categories. This is strongly related to the question whether a functor preserves nitely presented objects. We shall use the following crucial fact. Lemma 6.1 Let f: A ! B be a functor between categories with direct limits. Suppose there exists a right adjoint which commutes with direct limits. Then f(X) is nitely presented ( nitely generated), if X is a nitely presented ( nitely generated) object in A. since f and g is a pair of adjoint functors and g commutes with direct limits. Now the assertion follows since ' is an isomorphism (a monomorphism), if X is nitely presented ( nitely generated). Proof : (1) ) (2) The left adjoint of f maps nitely presented to nitely presented objects by Lemma 6.1 and gives therefore a left adjoint of f. We have the following application of which one direction has been proved by Gabriel and Ulmer 5, Korollar 5.8] using some di erent arguments. The characterization of at modules in the previos lemma allows to deduce the following theorem of Crawley-Boevey 2, Theorem 2.1] which generalizes a well-known result of Chase for modules over a ring. Proposition 6.6 For a locally nitely presented category A the following are equivalent.
(1) A has products.
(2) fp(A) has pseudo-cokernels. (3) A product of at fp(A)-modules is at.
The next result gives a criterion for the existence of a right adjoint.
Theorem 6.7 Let f: A ! B be a functor between locally nitely presented categories with products and suppose that f commutes with direct limits. Then the following are equivalent.
(1) f has a right adjoint which commutes with direct limits.
(2) f restricts to a functor fp(A) ! fp(B) which preserves pseudo-cokernels.
Proof : (1) ) (2) is exact which shows that f( ) is a pseudo-cokernel for f('). We nish our discussion of adjoint functors with the following example. Proposition 6.8 Let C and D be skeletally small additive categories with split idempotents. A functor f: Mod(C) ! Mod(D) is isomorphic to g for some additive functor g: D ! C if and only if f commutes with limits and colimits.
Proof : One direction is clear. So suppose that f commutes with limits and colimits. Thus f has a left adjoint since f commutes with limits and this left adjoint preserves nitely presented objects by Lemma 6.1 and projectives since f is exact. Using the Yoneda embeddings we obtain g by restricting the left adjoint to a functor from D to C.
Products
In this section we discuss the property of certain functors to preserve products. It is wellknown that for a ring a right -module M is nitely presented ( nitely generated) i the natural map M ( (1) (f op ) restricts to a functor mod(D op ) ! mod(C op ).
(2) The natural morphism f ( (Hom( ; X i ) ) is an isomorphism for all families (X i ) i2I in C.
Proof : The assertion follows from the de nition of f and f using the lemma above. Specializing the preceding theorem to the case that f is an embedding and using Theorem 3.4 we obtain the following result which is due to Crawley-Boevey 2, Theorem 4.2]. Recall that an additive category is (co)complete if it has arbitrary (co)limits, equivalently if (co)kernels and (co)products exist. Corollary 8.5 A locally nitely presented category is complete if and only if it is cocomplete.
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Our discussion suggests a further construction. We de ne a functor c A : A ! C(A) into a locally coherent category as follows. Let C(A) = Flat(A(C)) and c A = a C is the unique functor commuting with direct limits which extends a C : C ! A(C), X 7 ! Hom( ; Hom(X; )). Note that C(A) = D(Mod(C)) and that c A is isomorphic to the composition of A ! Mod(C), X 7 ! Hom( ; X)j C with d Mod(C) .
Universal property 8.6 Let f: A ! B be a functor into an abelian category with exact direct limits. Supppose also that f commutes with direct limts. Then there exists, up to isomorphism, a unique exact functor f : C(A) ! B such that f = f c A .
Proof : Analogous to the proof of Property 8.1.
Locally coherent categories
Recall that a locally nitely presented category A is locally coherent provided that fp(A) is abelian. Note that in this case the embedding of fp(A) into A is exact. In this section we discuss how certain properties of such a category A are re ected by properties of fp(A). We need some preparations. Recall that an object M of a Grothendieck category A is fp-injective provided that Ext 1 (Z; M) = 0 for all Z 2 fp(A). We denote the full subcategory of fp-injective objects in A by fpinj(A). Note that fpinj(A) is automatically closed under products. The following lemma is taken from 2]. Lemma 9.2 Let A be a locally nitely presented abelian category. For Z 2 fp(A) and M 2 A the following are equivalent. Using the above lemmas we obtain the following. Lemma 9.3 Let A be a locally nitely presented abelian category.
( where the upper row is exact and is an isomorphism by our assumptions.
(1) If the M 's form a ltered family of subobjects of some M 2 A, then ' is an isomorphism since X is nitely generated. Thus the lower row is exact and The following is another preliminary result.
Lemma 9.5 Let A be a locally coherent category. Then fpinj(A) has direct limits and fp(fpinj(A)) = fpinj(A) \ fp(A) = inj(fp(A)).
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Proof : The assertion follows from the de nitions involved using the above lemmas.
We say that a locally coherent category has su cently many fp-injectives provided that fpinj(A) is locally nitely presented. The following is a consequence of our discussion of fp-injective objects. Having discussed the case that fp(A) has su cently many injectives we turn now to the case that fp(A) has su cently many projectives. Theorem 9.7 Let A be a locally coherent category. Then A is equivalent to a module category Mod(C) if and only if fp(A) has su cently many projectives. In this case A and Mod(proj(fp(A))) are equivalent.
Proof : Suppose rst that A = Mod(C). Any nitely presented object in Mod(C) is a quotient of some representable functor which is projective by Yoneda's lemma. Thus fp(A) has su cently many projectives. Conversely, suppose that fp(A) has su cently many projectives and let C = proj(fp(A)). Using Proposition 2.3 we deduce that fp(A) = mod(C) and this implies A = Mod(C) by Proposition 5.1. This nishes the proof. Proof : Combine the correspondence between locally nitely presented categories with products and skeletally small additive categories with split idempotents and pseudo-cokernels given by A 7 ! fp(A), the correspondence between skeletally small additive categories with split idempotents and pseudo-cokernels and skeletally small abelian categories with sucently many injectives given by fp(A) 7 ! mop(fp(A)), and nally, the correspondence between skeletally small abelian categories with su cently many injectives and locally coherent categories with su cently many fp-injectives given by mop(fp(A)) 7 ! Flat(mop(fp(A))).
Functors between locally coherent categories
To develop further the theory of locally coherent categories one needs to study their functors. The most natural type of functors, namely those which preserve direct limits, nitely presented objects and exactness, will be the main objective of this section. Remark 11.5 In case that A is the category of modules over some ring the characterization of functors commuting with direct limits and product has also been observed by CrawleyBoevey.
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